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Abstract. 

Exactly solvable TV-dimensional model of the quantum isotropic singular oscillator 
in the relativistic configurational rV-space is proposed. It is shown that through 
^ ' the simple substitutions the finite-difference equation for the iV-dimensional singular 

oscillator can be reduced to the similar finite-difference equation for the relativistic 
I isotropic three-dimensional singular oscillator. We have found the radial wavefunctions 

^SJ ' and energy spectrum of the problem and constructed a dynamical symmetry algebra. 
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^ i 1. Introduction 
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The search for exactly-solvable quantum-mechanical systems is one of the interesting 
concepts in theoretical and mathematical physics. It is well known that the Schrodinger 
equation can be exactly solved only for specific potentials. Its exact solution history 
can be traced back to the days of exact solution of the non-relativistic linear harmonic 
oscillator and Coulomb interaction problems [H [2] . 

The non-relativistic quantum singular oscillator is also one of the exactly solvable 
problems studied in detail due to its considerable physical interest and a lot of 
applications [3], HI O |6] . In the non-relativistic quantum mechanics the singular oscillator 
is trivially related to the linear harmonic oscillator. However, this is no longer true in 
the relativistic theory. 

Recently we constructed a relativistic model of the quantum linear singular 
oscillator and showed that the approach used there can be generalized for construction 
of the three-dimensional isotropic singular oscillator model. The purpose of the present 
paper is to apply the results obtained in [3, [8] to the A^-dimensional case. 

§ To whom correspondence should be addressed (azhep@physics.ab.az) 
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In section 2, we briefly discuss the finite-difference relativistic quantum mechanics. 
Its generalization to the A^-dimensional case is considered in section 3. We propose a 
relativistic finite-difference model of the isotropic iV-dimensional singular oscillator and 
find its wavefunctions and energy spectrum in section 4. In section 5, we constructed a 
dynamical symmetry algebra of the model under consideration. Conclusions are given 
in section 6. 

2. The finite-difference relativistic quantum mechanics 

Our A^-dimensional model is formulated in the framework of the finite-difference 
relativistic quantum mechanics P, [101 [HI [121 [El [lH [IS, HE]. The finite-difference 
relativistic quantum mechanics possesses many important features of the non- 
relativistic quantum mechanics, but unlike non-relativistic quantum mechanics here 
the wavefunction of the relative motion satisfies a finite-difference Schrodinger type 
equation. In the case of a local quasipotential V (r) the equation for the wavefunction 
of spinless particles with equal masses has the form 

[Ho + V{r)]ij{f) = Eij{f). (2.1) 

The free Hamiltonian operator Hq is the finite-difference operator with the step 
equal to the Compton wavelength of the particle A = h/mc, i.e. 

Hq = mc^ 

where ,p is an angular part of the Laplace operator and Or = d/ dr. The quasipotential 
V (r) can be calculated in the framework of the quantum field theory, or introduced 
phenomenologically. 

The space of three-dimensional vectors r is called the relativistic configurational 
space or r-space. The transformation between configurational r- and its canonically 
conjugate three-dimensional momentum j>-space is given by the kernel 

mc J 

r = rn, = 1, < r < oo, 

rather than by the Fourier kernel exp {ipf/ K) in the non-relativistic case. 

The relativistic plane wave (12.31) is the generating function for the matrix elements 
of the unitary irreducible representations of the Lorentz group SO (3, 1). The momenta 
of particles belong to the upper sheet of the mass hyperboloid Po — p^ = m^c^, and form 
a three-dimensional Lobachevsky space, whose group of motion is the Lorentz group. 
The functions (12.31) are eigenfunctions of the Hamiltonian Hq ( \2.2\\ . i.e. 

(iJo - Ep) e (p, r) = 0, = cpo = c/m^c^ + jP (2.4) 



cosh iXdr 



sinh iXdr 



X'A 



2r2 



(2.2) 



(2.3) 
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and in the non-relativistic limit they coincide with the Euchdean plane waves 

\im^{p,r) =e'^/^. (2.5) 

c— >oo 

In the case of 0(3) symmetrical quasipotentials V (f) = V (r) (12.11) . the angular 
dependences of the wavefunction (r) are separated in the standard manner 



(2.6) 



where / = 0,1,2,... is the orbital quantum number. The radial wavefunction Ri{r) 
satisfies the equation 



i/o™' + ^(r) Riir)=E,R,ir) 



where 



(2.7) 



H, 



rad 



mc 



cosh iXdr 



and (r/A) 



2 {r/Xf^ 

^ ^rX-ir/x)^ is a generalized degree jlO 



V (r) = rV (r) -, 
r 



3. The A^-dimensional case 

The A^-dimensional relativistic configurational r/v-space is introduced in [17] by analogy 
with the three-dimensional relativistic configurational r-space p] . Namely, transition to 
the rAT-space 

mc f d^p 



^ (rV) 



N/2 



Po 



(PjV,nv)^(PjVy 



is performed by the expansion in terms of the matrix elements 



(3.1) 



~ir/X 



^ . ( Po-PNnN\ 
\ mc J 

PN = iPl,P2, ■■■Pn), Un = (^1,722, . . .riAr) , = TOtv, n 



(3.2) 



of the infinite-dimensional unitary representations of the iV-dimensional momentum 
Lobachevsky space motion group 5*0 (A^, 1), which is realized on the upper sheet of the 
hyperboloid pi — Pm = Pq — Pi — pi — ' ' ' ~ Pn = rn'^c^- 

The iV-dimensional plane waves obey the completeness and orthogonality conditions 



1 



mc 



N/2 



d^ 

Po 



r (Pn, Tn) ^ {Pn, ^7v) = ^iv^ (r) S {rN - r'^) 



N/2 



wn (r) d^rC (pn, ^v) ^ (p'^v, ^tv) = po6 {pn - p'n) 



(3.3) 
(3.4) 
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where Wat (r) = (r/A) (r/X)^ ^ ' . 

The functions (13.21) are the eigenfunctions of the free Hamiltonian Hq^\ which in 
the spherical system of coordinates r/v = (r, -i^i, {^2, ■ ■ ■ , ^n-i) has the form 



Here A^^^ is an angular part of the A^-dimensional Laplace operator. The 
eigenfunctions of Aq^^ are the iV-dimensional spherical harmonics [12]: 

aJ^V^ {^,, ^2,..., ^N-i) = -lil + N-2)Y^ {A, A, ^N-i) ■ (3.6) 

In the non-relativistic limit Hamiltonian (13.51) coincides with the non-relativistic 
free Hamiltonian, i.e. 



(TV) 



mc^ < cosh iXdr + 



iX{N 



2r 



sinh iXdr — 



r [2r -iX{N - 3)] 



lim ( Hq^^ — mc^ 



2m 2m 
The interacting particles are described by the equation 



.(3.7) 



(3.^ 



The free Hamiltonian h'^'^ (13. 5p is invariant with respect to the A^-dimensional 
rotation group 0{N). Thus, for the central quasipotentials V {r^) = V (r) the 
wavefunction depends on the spherical angles -^i, ^2-, ■ ■ ■ , "^n-i in the standard manner 



'ipm (rw) = 'ipm (r) ■ (^9i, ^^2, • • • , ^n-i) 



(3.9) 



and therefore an iV-dimensional problem is reduced to finding the eigenvalues and 
eigenfunctions of the radial part of a Hamiltonian 



1pm (r) = Em'ipNi (r) 



(3.io: 



(N) rad 




mc^ < cosh iXdr + 



2r 



r [2r -iX{N - 3)] 



Due to the appearance of the weight function w^- (r) 



(r) rf^rW = A^-i (r/A)(^) 



drdVL 



N-li 



(3.11) 



in the rTv-space orthogonality condition (13. 3p . inclusion of the multiplier 



JV-l ' 
2 . 



to the expression of the wavefunction 



( JV-l ' 

VA)(^^ 



Rm. W) 



allows us to reduce A^- dimensional radial equation (13.101) to the simplest form 



(N) rad 







+ V{r) 



Rm (r) 



EmRm (r) , 



(3.12) 



(3.13) 
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H, 



{N)rad ^ 



;-r/A)( 



mc 



2 (r/A) 



(2) 



V (r) = (-r/A)^— ^ V (r) (-r/A)^" 
L = / + (A^ - 3) /2. 



Eq. fl3.13p coincides by form with the three-dimensional radial finite-difference 
equation (12. 7p . 



(3.14) 



4. The relativistic A^-dimensional model 

Let us consider a model of the relativistic A^-dimensional singular oscillator, which 
corresponds to the following choice of the quasipotential 



Vir) 



-muj 



r {r + iXy 



+ 



9 



AXdr 



2""'r-iX{N-3)/2 r [r - iX {N - 3) /2] 
In the non-relativistic limit we have 



(4.1) 



lim V (r) 



2 2,9 

-moo r H — - 



In case of dimensionless variable p = f and parameters ujq 



, 9o = 

(I3.13P for the relativistic A^-dimensional singular oscillator takes the form 

i, ,2^(2) I 3q 



mg 



equation 



, L{L+1) .g 

cosh^^p + 2p(2) ^ + 



Rm (p) = EmRm (p) • (4.2) 



This equation was studied in [8], where it has been shown that the radial 
wavefunctions Rni (p) are expressed through the continuous dual Hahn polynomials 
Sn{x^;a,b,c) [19], 



Rnui (p) = Cntii i-p)^""^^ i^o^ i^L + ip) Sn { p'^;aL,i^L,^] , 



(4.3) 



where n = 0, 1, 2, 3, . . . and 



l-9.g,ul-AulL[L + l)y 



(4.4) 
(4.5) 



2 2 y cjq 

The eigenvalues of Hamiltonian (14. 2 p corresponding to the wavefunctions are 

EmuI = hu! {2n + ai + ul) , n = 0,1,2,3, ... . (4.6) 
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The normalization coefficients C^ni in (14.31) are defined by the condition 



oo 

/ Rlf^i (p) RNmi (p) dr = S 



(4.7) 



5. A dynamical symmetry 

It turns out that the Hamiltonian 

may be factorized in terms of the difference operators [7] 



(5.1) 



1 



— -rl 

e 2 " 



^oe5^^ {ul + ip){l + — 

tp 



e ^''^ -ujQ{pL-ip) ( 1- — )e 



(5.2) 



They are a pair of Hermitian conjugate operators. Using a~ and a"*", one can 
construct a dynamical symmetry algebra of the relativistic A^-dimensional singular 
oscillator under consideration. The result is as follows [7]. 

The lowering and raising operators are 



A- 



iP\ 2go + L{L + l) 
mc J I + p 



iPV 2go + L{L + l) 

^oP :r—^ 

mc J 1 + p 



(5.3) 



where a generalized momentum operator is 



P = - 

c 



-mc 



sinh id, 



1 2 ^ go + L{L + l)/2 
P \^^oP + 



(2) 



Jdp 



They satisfy the following commutation relations: 



[A-,A-] 



±2hjA 



^0 ^{N)rad 



± 



1 + 



mc^ 



HiN) 



rad 



Now we define a set of operators 

K- = A-f-'/^ l^m^'^rad'^ , K- = Ko 



2hu; 



(5.5) 
(5.6) 

jj{N)rad 
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where / (x) = [x/mc^ + Uq {a^ — i^l — 1)] [x/mc^ + Uq {u^ — — 1)]. 

These operators provide a reahzation of the SU (1, 1) Lie algebra on the basis 
elements {RNni}'^=o, i.e. 

[Ko, K^] = ±K^, [K-, K+] = 2Ko. (5.8) 

The operator Kq, which generates a compact subgroup of SU (1, 1) has a discrete 
spectrum in a (s) representation, which is bounded below and is equal to n + s, 
where n = 0, 1, 2, . . ., and s is the so-called Bargmann index, s > 0. 

With = Kq {Kq — 1) — K^K~ as the Casimir operator, one has K^ = 
s {s — 1). For the operators (15. 7p one has K^ = j {aL + i^l) («l + t^l — 2), so that 
s = {ttL + i^l) /2. Thus we obtain algebrically the correct spectrum of the operator 

jj{N)rad ^ 2fVjjKQ. 

We note that the action of the operators K^ on the wavefunctions RnuI ij) is 
defined by the formulae 

K^RnuI (r) = Kn+iRNin+i)i (r) , K~ R^ni (r) = KnRN{n-i)i {r) , (5.9) 

where k„ = ^yn{n + + — 1). 
From (15.91) it follows that 

RNni (r) = [n\ {aL + ^^l) J"'^' {K+T Rmi (r) . (5.10) 
6. Conclusion 

There are a lot of interesting publications devoted to the study of the various 
charactiersics and properties of the non-relativistic A^-dimensional isotropic harmonic 
oscillator [201 EB [221 [231 [211 [23 ■ Various interesting approaches to generalize the non- 
relativistic oscillator exact-solvable models for the relativistic A^-dimensional case also 
exist [m [261 [271 [2HI [291 [301 [31]. 

In this paper we generalized the relativistic finite-difference model of the istropic 
three-dimensional singular oscillator [8] to the iV-dimensional case. It is exactly-solvable. 
We determined energy spectrum and wavefunctions of the problem and constructed a 
dynamical symmetry algebra. The finite-difference operators K^, K~ and Kq generate 
SU (1, 1) group and Kq has a discrete spectrum in a (s) representation, which is 
bounded below and is equal to n + s. 

It is necessary to note the recent published work [32], where the dynamical 
symmetry and factorization scheme is proposed for Hamiltonian leading to 
eigenf unctions expressed by continuous dual Hahn polynomials. The finite-difference 
Hamiltonian is formulated in the framework of Ruijsenaars-Schneider approach [261 
[271 [28] and therefore, it is different than factorization scheme used here and in |33j . 
Taking into account that, both of these approaches to solve explicitly the finite-difference 
equations lead to the close results, we aim to show in detail possible relations and 
transformations between them as a further step of investigations. 
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